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Abstract 


In 2003, Del Pino and Dolbeault [14] and Gentil [19] investigated, independently, best constants and extremals associated to 
Euclidean L p -entropy inequalities for p > 1. In this work, we present some contributions in the Riemannian context. Namely, let 
(M, g) be a closed Riemannian manifold of dimension n > 3. For 1 < p < 2, we establish the validity of the sharp Riemannian 
L p -entropy inequality 

[ \u\ p log(|u| p )du g < - log (Aopt [ \S7gu\ p dv g + B 
Jm P \ Jm 

on all functions u G H 1 ’ P (M) such that ||u||lp(m) = 1 for some constant B. Moreover, we prove that the first best constant A op t 

is equal to the corresponding Euclidean one. Our approach is inspired on the Bakry, Coulhon, Ledoux and Sallof-Coste’s idea 

[3] of getting Euclidean entropy inequalities as a limit case of suitable subcritical interpolation inequalities. It is conjectured 

that the inequality sometimes fails for p > 2. 


1 Introduction 

Logarithmic Sobolev inequalities are a powerful tool in Real Analysis, Complex Analysis, Geometric Analysis, Convex 
Geometry and Probability. The pioneer work by L. Gross m puts forward the equivalence between a class of Euclidean 
logarithmic Sobolev inequalities and hypercontractivity of the associated heat semigroup. Particularly, his logarithmic Sobolev 
inequality with respect to the Gaussian measure plays an important role in Ricci flow theory ( e.g. [24]), optimal transport 
theory (e.g. [2B]), probability theory (e.g. m, among other applications. Later, Weissler [2S] introduced a log-Sobolev type 
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inequality (also known as Euclidean L 2 -entropy inequality) equivalent to the Gross’s inequality with Gaussian measure. The 
Euclidean Z 2 -entropy inequality and its variants have been used in the study of optimal estimates for solutions of certain 
nonlinear diffusion equations, see for instance 0, m, El. E. E and references therein. 

The Euclidean ZT-entropy inequality for p > 1 states that, for any function u E W 1,p (R n ) with J Rn \u\ p dx = 1, 

Ent d x( M P ) := [ |u| p log(|u| p ) dx < — log (Ao(p) [ Vu| p dx\ , (1) 

J R» P \ J K« / 

where n > 2, p > 1 and Ao(p) is the best possible constant in this inequality. 

As mentioned above, the Euclidean L 2 -entropy inequality was established by Weissler in 128) . Thereafter, Carlen E showed 
that its extremal functions are precisely dilations and translations of the Gaussian function 


/ \ — — la. I 2 

Uo(x) = 7T 2 e 11 . 

For p = 1, Ledoux m proved the inequality and Beckner pj] classified its extremal functions as normalized characteristic 
functions of balls. In [5], Beckner also proved that © is valid for any 1 < p < n and Del Pino and Dolbeault E characterized 
its extremal functions as dilations and translations of the function 


no(x) = n 2 - 7g — - 


-\x\P- 


( 2 ) 


Finally, Gentil E established the validity of Q and that uo is an extremal function for any p > 1. Thanks to an uniqueness 
argument due to Del Pino and Dolbeault [14], modulo dilations and translations, the classification also extends for any p > 1. 
As a byproduct, they derived, for any p > 1, 


Ao{p) = 


P (P~ 1 


P-1 


F(f + 1) 


r( 


i(p-i) 


+ i) 


In order to introduce sharp L p -entropy inequalities within the Riemannian environment for 1 < p < n, we first deduce an 
intermediate entropy inequality. 

Let ( M , g) be a smooth closed Riemannian manifold of dimension n > 2 and 1 < p < n. For any p < s < p* := , 

Holder’s inequality gives 


for all 


function u G L p ( M ), where a = — ^ +ps ■ Taking logarithm 


Since this inequality trivializes to an 
computation provides 


Vll u IU p (M)/ y I ml \lp* (M) J 

equality when s = p, we may differentiate it with respect to s at s 


= p. Then, a simple 


[ |w| p log |u| p dvg < - log f [ |m| p 

Jm p \J m J 

for all function u G L p ( M) with ||m||lp(m) = 1. 

Using the above inequality and the Sobolev embedding theorem for compact manifolds ( e.g . CP). one gets constants A, B £ R 
such that, for any u £ H 1,P (M) with f M \u\ p dv g = 1, 
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Ent dVg {\u\ p ) ■.= / |m| p log |u| p dv g <— log I A / \V g u\ p dv g + B \ , 

Jm P V Jm J 

where dv g denotes the Riemannian volume element, V 9 is the gradient operator of g and H 1,P (M) is the Sobolev space defined 
as the completion of C°°(M) under the norm 


: = ( / |V 3 u| p dv g + / \u\ p dvc 
\J M J M 


The following definitions and notations related to ( L(A, B) I are quite natural when one desires to introduce sharp L p -entropy 
inequalities in the Riemannian context. 

The first best L p -entropy constant is defined by 


Ao{p,g) := inf {.A £ R : there exists B £ R such that ( L(A,B ) I holds for all u £ H 1,P (M) with / \u\ p dv g = 1} . 

J M 


It follows directly that Ao(p,g) is well defined and moreover, by Jensen’s inequality applied to \L(A, B ) | ), Ao(p,g) is positive 
for any 1 < p < n. 

The first sharp L p -entropy inequality states that there exists a constant B £ R such that, for any u £ H 1,P (M ) with 

Jm \ u \ Pdv 9 = !> 


' log |u| p dv g < — log (Ao(p,g) [ |V 9 u| p dv g + 
P \ Jm 


B 


If the preceding inequality is true, then we can define the second best L p -entropy constant as 

Bo(p,g) ■= inf{B £ R : (L(Ao{p,g),B)) holds for all u&H 1,p (M) with f \u\ p dv g = 1} 

J M 

and the second sharp L p -entropy inequality as the saturated version of (L(Ao(p, g), B)) on the functions u £ H 1,P (M) with 
f M \u\ p dv g = 1, that is 

[ |w| p log|u| p dv g < -log (Ao{p,g) [ |v 9 w| p dv g + B 0 (p,g)) . 

Jm P \ Jm J 

Note that (L(Ao(p, g),Bo(p, <?))) is sharp with respect to both the first and second best constants in the sense that none of them 
can be lowered. 

In a natural way, one introduces the notion of extremal functions of (L(Ao(p, <?), Bo(p, <?)))■ A function uo £ H 1 ’ P (M) 
satisfying J M |Mo| p du 9 = 1 is said to be extremal, if 

[ Kriog|u 0 | p dv g = -log (Ao{p,g) [ |V 9 tto| p dv g +B 0 (p,g)\ . 

Jm P \ Jm J 

We denote by £o(p,g) the set of all extremal functions of (L(Ao(p,g),Bo(p,g)))- 

In [8], Brouttelande proved for dimensions n > 3 that _4o(2,<;) = Ao{2) and (L(Ao(2, g), B)) is valid for some constant 

B £ R. Subsequently, in j9], he obtained the lower bound 


Bo(2,g) > - -maxR 9 , 

Anne m 

where R g stands for the scalar curvature of the metric g, and proved that if the inequality is strict, then the set £q( 2, g) is 
non-empty. 
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A simple lower bound for Bo(p,g) involving the volume v g (M) of M also follows by taking a normalized constant function 
in (L(Ao(p,g),Bo{p,g))), namely 


>3o(p,g) > v g {M) p/n , 

provided that Bo ( p , g) is well defined. 

Our main contributions are gathered in the following result: 

Theorem 1.1. Let ( M,g ) be a smooth closed Riemannian manifold of dimension n > 2. For any 1 < p < 2 and p < n, we 
have: 

(a) A 0 {p,g) = Ao(p); 

(b) there exists a constant B £ R such that (L(Ao(p, g), B)) holds for all function u € H 1,P (M) with f M \u\ p dv g = 1. 

Note that the above result extends to 1 < p < 2 the corresponding one due to Brouttelande. However, his arguments do 
not apply to p ^ 2, so we here develop an alternative approach in order to prove Theorem ll.il 

The idea of using subcritical interpolation inequalities for obtaining entropy inequalities was introduced by Bakry, Coulhon, 
Ledoux and Sallof-Coste in [3] within the Euclidean environment. Namely, for 1 < p < n, they showed how to produce non-sharp 
L p -entropy inequalities as a limit case of a class of non-sharp Gagliardo-Nirenberg inequalities. 

Later, this view point was explored in the sharp sense by Del Pino and Dolbeault m in order to establish the inequality 
(0 for 1 < p < n. Indeed, they considered a family of sharp Gagliardo-Nirenberg inequalities, interpolating the L p -Sobolev and 
L p -entropy inequalities, whose extremal functions are explicitly known. 

In trying to adapt the same idea of getting entropy inequalities as a limit case of subcritical interpolation inequalities to the 
Riemannian context, the situation changes drastically mainly because extremal functions and second best constants are usually 
unknown. 

With the aim to make clear to the reader our program of proof and its main points of difficulty, a brief overview on related 
sharp Riemannian Nash inequalities should be presented. 

Let 1 < p < 2 and 1 < g < P- In m, Ceccon and Montenegro established the existence of a constant B £ R such that the 
sharp L p -Nash inequality 



holds for all function u £ H 1,P (M), where 6 
One also knows that 


Aopt [ |V ff u| p dv g + B f \u\ p dvg\ f f \u\ q 
J M J M J \J M 


M 

n(p-q) 


P( 1 - 8 ) 


q (£- n )+np an d A op t is the first best L p -Nash constant. 




A op t = N(p, q) , (3) 

where N(p, q ) stands for the best Euclidean L p -Nash constant, see 117) for p = 2 and [13] for 1 < p < 2. Namely, N(p, q) is the 
best possible constant in the L p -Nash inequality 

f |m| p dx\ < A f f |V«| P dx\ f f |u| 9 dx 

J K" / \J B” / \J M” 

which holds for all function Co^R 71 ), provided that n> 2 and 1 < q < p. This last inequality was first proved by Nash in [23]. 
An alternative proof was given by Beckner in 2]. For p ^ 2, we refer to the recent work m by Ceccon. 

One then defines the second best L p -Nash constant as 


p(i-g) 
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B(p,q,g) := inf{B G R : (I Pyq (N(p,q), B)) holds for all u G H 1,P (M)} . 
In this case, the second sharp L p -Nash inequality automatically holds on H 1,P (AI), namely 

[ I u\ P dv g \ <(N(p,q)[ \V g u\ p dv g + B(p,q,g) [ \u\ p dv g \ f f \u\ q dv, 

JM / V JM JM / \J M 


p( 1 - 8 ) 

qO 


Our strategy consists in rearranging the above inequality and applying logarithmic of both sides, so that 

p , \M\lp(M) . . N(p,q) J \V g u\ p dv g + B{p,q,g) J \u\ p dv g 
a lo S TTli—~ ^ lo g- 


(4) 


(Sm \ u \ q dv s) " 

and then letting the limit as q — > p~. 

The success of this plan will be result of the following three statements for 1 < p < 2 and p < n: 

(A) N(p, q) converges to Ao{p) as q — > p” 

(B) B(p, q, g) is bounded for any q < p close to p 

(C) Ao{p, g) > Ao(p) 

In fact, assume for a moment that (A), (B) and (C) are true. Letting q —► p~ in @ and using (A) and (B), after straightforward 
computations, one obtains the inequality {L{Aa{p),B)) for some constant B. Indeed, as can easily be checked, 


lim glogfr^) =g- lim 


■log 


I u IUp(m) _ p 


J 

J M 


M P k>g(M P ) dVg 


q—>v~ @ n q-*p~ P ~ Q 11^11 Li (AT) 

for any u G H 1,P (M ) satisfying ||u||i,p(m) = 1, see the proof of Proposition 12.11 for a similar computation. Thus, one has 
Ao{p,g) < Ao(p) and, thanks to (C), the conclusion of Theorem 11.11 follows. 

We then describe some ideas involved in the proof of each one of the claims (A)-(C). We begin by addressing (A) and (C) 
since their proofs are shortest. 

On the proof of (A). This claim is proved in Section 2 and uses Jensen’s inequality and the fact to be proved that the best 
Nash constant N(p, q) is increasing on q. 

On the proof of (C). This claim is proved in Section 3. Its proof is based on estimates of Gaussian bubbles. Precisely, we 
consider the following test function in (L(Ao{p, g), Bo{p, g)))'- 


u s (exp X0 (x)) = tj(x)c puo(-) 

defined locally around a point xo on M, where p denotes a cutoff function supported in a ball centered at 0. After using Cartan’s 
expansion of the metric g around xo and estimating each involved integral for e > 0 small enough, the desired conclusion follows. 
On the proof of (B). This claim is proved in Section 4. Since its proof is rather long and technique, for a better understanding 
two important steps are presented under the form of lemma. 

It suffices to prove the assertion for each sequence (qk) C ( 1 , 5 ) such that qk — ► p as k —> + 00 . For such a sequence and each 
k, we consider the functional 


Jk(u) = ( f \^gu\ p dv g + Ck [ \u\ p dVg\ f f \u\ qk dvg\ 
\J M JM J \J M J 


p( 1 - flgfe) 
q k G qk 


on the set 1~L = {u G if 1 ,p (M) : |H|lp(m) = 1}, where Ck is defined as 
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r _ B(p,q k ,g) - ( P~qk ) 

N(p,q k ) 

From its definition, we readily have C k < B(p, q k , g)N(p, qk) 1 ■ Therefore, from the definition of B(p, q k , g), there exists a 
function w k £ B satisfying J k {w k ) < N(p,q k )~ 1 , so that 


inf J k (u) < N(p,q k ) 

uGL'H 

As usual, this last inequality leads to the existence of a C 1 minimizer u k £ B for the functional J k on H. The next steps consists 
in studying some fine properties satisfied by the sequence ( u k ) such as concentration and pointwise estimates. The main tools 
used here are blow-up method and Moser’s iteration on elliptic PDEs. 

We conclude the introduction by exposing some still open problems on sharp Riemannian entropy inequalities and related 
best constants. 

Perhaps, contrary to what one might expect, it is not clear that the first best entropy constant Ao(p,g) is well defined and 
is equal to Ao (p) for all p > n. The great difficult in Riemannian L p -entropy inequalities is that local-to-global type arguments 


do not usually work well. For example, the normalization condition f M \u\ p dv g = 1 and the involved log functions in (L(A,B) I 


do not allow a direct comparison to the corresponding flat case. In particular, it does not seem immediate that ( L(A. B) l is 
valid for some constants A and B and also that, for each e > 0, there exists a constant B e £ R such that 


’ log |u| p dv g < — log ((Ao{p) + e) f \V g u\ p dvg 
P V J M 


+ B S 


for all function u £ H 1,P (M) with J M \u\ p dv g = 1. 

According to our contributions, the first best entropy constant Ao{p,g) is well defined for all 1 < p < n and equal to Ao(p) 
for all 1 < p < 2 and p < n. In addition, based on developments over thirty years in the field of sharp entropy and Sobolev 
inequalities (see is. m and references therein), one expects positive answers for the following questions: 

Open problem 1 . Is Ao(p,g) well defined for all p>nl 

Open problem 2. Does Ao(p, g) = Ao(p) hold in the three cases p = 1, n > 2 , p = 2, n = 2 or p > 2, n > 2? 

Open problem 3. Is (L(Ao(p, g),B)) valid for some constant B in the two cases p = 1, n > 2 or p = 2, n = 2? 


Open problem 4. Is (L(Ao(p, g), B)) non-valid whenever p > 2, n > 2 and ( M,g ) has positive scalar curvature somewhere? 


2 Proof of the assertion (A) 

This section is devoted to the proof of the proposition. 
Proposition 2.1. Let n > 2 and 1 < q < p. We have 


We first prove that 


lim N(p,q) = Ao(p) ■ 

q-*p 


(5) 
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N(p,q) < Ao(p) 


(6) 


for all 1 < q < p. 

Let u G C'o°(R rl ) such that ||w|| lp(w-) — 1- Using Jensen’s inequality, we have 

— In ( f |ti | 9 » — In f f |u| 9 _p |u| p dx\ <— f ln(\u\ q ~ p )\u\ p dx = - —— f ln(|w| p )|w| 

\J R" / \J R” J ./ i" P JR n 

Joining this inequality with CD. one obtains 

p 2 

( ( |w| ? daA ~~ < Ao{p) [ \Wu\ v dx . 

\J K n J Jm n 

Using the fact that ||m||z,j>(r»») = 1, we then derive the Nash inequality 

i p(i-a) 

( f |M| p dxV <Ao(p) ( f |Vw| p daA ( [ \u\ q dx) * , 

\J K n / \J h« / \Jm n / 

where 


Q = n(p - q) 
qp — qn + np 

By homogeneity, the above inequality is valid for all function u G Co°(R n ), so that the assertion © follows. 

We now prove that N (p, q) is monotonically increasing on q. 

Let 1 < pi < (?2 < p fixed. An usual interpolation inequality yields 


where — = — + 

92 91 


l-M 

p 


Plugging this inequality in 




< N(p,q 2 ) 



where 0 2 = q2 ^ p _ n q ^ np , one gets 


(/ 

\J R n 


\u\ p dx 


i+/x- 


< N(p,q 2 ) 


|Vit| p dx 


On the other hand, the definition of p produces the relations 



and 


1 J- p 


1—02 

02 


1 

0~1 


p_ / 1 - 6>2 \ _ p l- 8 i 

qi V #2 ) qi 0\ 

where 0i = , so that N(p,qi) < N(p,q 2 ) and the monotonicity follows. 

We then denote 


dx . 
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( 7 ) 


A(p) = lim N(p, q) . 

q->p 

It is clear by m that A(p ) < Ao{p)- 

The remaining of the proof is devoted to show that A(p) > Ao(p). 

Rearranging the sharp Nash inequality and taking logarithm of both sides, one has 


e 


log 




Ml 


MIS 


Using the definition of 6 and taking the limit on q , one gets 


— lim —— log 


n q ^p- p — q 

We now compute the left-hand side limit. We first write 


< log ( A{p) 


l|V«||? 


log 


= - log(||«||p) - - log(||u||?) = —— log(||u||,) + - (log(||u||£) - log(||u|||)) 


A straightforward computation then gives 


Therefore, 


or equivalently, 


lim - 

P — Q 


■log 


IMI? 




INI 


log 


dx . 


f _M1 i og ( 

IMIS S VIMII 


dx < — log A(p) 


.l|V«|| 


f |u| p log(|tt| p ) dx < — log {A(p) [ |Vit| p dx 

J B” P \ J R" 


for all function u G Co°(]R n ) with ||m||x,p(r>i) = 1 . So, A(p) > Ao(p) and the proof of Proposition 12 .II follows. 


3 Proof of the assertion (C) 

In this section, we prove the following result: 

Proposition 3.1. For each n > 2 and 1 < p < n, we have 


A> (p,g) > Ao{p) ■ 

Using the assumption that n > 2 and 1 < p < n, one gets constants A and B such that L(A, B) is valid. It suffices to show 
that A > Ao{p)- 

One knows that L(A, B) is equivalent to 


iPfip / |«| P !Og(|«n dVg + (- 
ll«llp Jm P 

for all function u £ C°°(M). 


!) log(||w||p) < ~ log 



dv g + B 




( 8 ) 
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-R .r 

We first fix a point xo £ M and an extremal function uo(x) = ae~ b ^ x ^ P G W /1,p (R 7i ) for the sharp entropy inequality 0 
(see m or m ), where a and b are positive constants chosen so that ||wo||lp(r”) = 1- 

Consider now a geodesic ball B(xo,S) C M and a radial cutoff function p G C°°(B(0,5)) satisfying p = 1 in B(0, |), p = 0 
outside B(0,5), 0 < p < 1 in B(0,S). For e > 0 and x G B(0,5), set 

u e (exp X 0 (x)) = p(x)e~pu 0 {^) ■ 

The asymptotic behavior of each integral of 0 computed at u e with e > 0 small enough is now presented. 

Denote 


h — f ng log(wg) d:r, I 2 = I |V«o| p dx , 

J R" J H n 

Ji m f Ug\x \ 2 dx, J 2 = f \Vuo\ p \x \ 2 dx, J 3 = f Mq log(wQ)|a ;| 2 dx . 

JS n JI“ J E“ 

Using the expansion of volume element in geodesic coordinates 

l 71 

yfdetg = 1 - - Y' Ridj(xo)xiXj + 0 (r 3 ) , 

6 ^ 
i,3 = 1 

where Ridj denotes the components of the Ricci tensor in these coordinates and r = |a:|, one easily checks that 

Rg (go) T -2 


/ 
J M 


vF e dv g = 1 — " , ' / r — Jig + 0 {e ) , 
on 


/ 
J M 


u p log(u p ) dvg = I\ — nloge — j 3£ 2 4 . Rb( x o) j i£ 2 j 0 g £ 4 . 0 ( £ 4 j 0 g £ ^ 


and 


/ 
J M 


6 n 


|Vu e | p dv g = e p ( I 2 - *£»> JiS 2 + 0(e 4 ) ) . 


Plugging u e in 0, from 0 , 03 and m, one obtains 

‘ft lj , e2 i° g£ + °( £, i° ge ) + G - 1 ) log (1 - Splj^ + 04)1 

r 2 + 0 (e 4 ) p \ 6 n J 


h - nloge - J 3 e 2 + - 2 1 


: _ n^o) Ji£2 + 0 ( e4 ) 

< —n log e + — log (Ah — AJ 2 e 2 + Be p + 0(e q ) N ) 

p \ 6 n J 


for e > 0 small enough, where q = min{4,p + 2}. 
Taylor's expansion then guarantees that 


(p ^ 6 n 


T 1 Rg( x 0) J 2 . Rg(xo ) 2 Rg(x 0) T 7 2 Rg( x 0) J 2 , 

/ 1 -nloge---J 3 e H--—Jie logeH---7 1 J r 1 e--—Jie loge 

6n 6 6 n 6 

n ^R g {x 0 ) . 2 .^ 4 , x, , . n , n # 9 (^ 0 ) Ji 2 . n B 

—^—-Jie + 0 (e log e) < —n log e H—log {AI 2 ) -—-- 1 - 


P 


p 6 n I 2 p Ah 


e+z;Brrz P + °(z q )- 


After a suitable simplification, one arrives at 


r n 1 / a r \ ^ R g( x 0 ) 

h -log(-4 I 2 ) <-^- 

p 6 n 


I 1 J 1 + — 1 )Jr - J 3 ) e 2 + 0(e p ' 1 

p h p 1 


(9) 

( 10 ) 


( 11 ) 


( 12 ) 
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for e > 0 small enough, so that 


71 

h<- log (.4 1 2 ) ■ 
P 

Thus, since uo is an extremal function of 0, one has 


h = - log(A>(p) h) , 

P 

so that .4 > >4o(p), and the conclusion of Proposition 13.II readily follows. ■ 


4 Proof of the assertion (B) 

This section is devoted to the proof of the following theorem: 

Theorem 4.1. Let ( M,g ) be a smooth closed Riemannian manifold of dimension n > 2. For each fixed 1 < p < 2 and p < n, 
the best constant B(p,q,g) is bounded for any q < p close to p. 

Clearly, it suffices to prove this result for an arbitrary sequence ( qk ) C (l,p) converging to p as k —> +00. 

Define 


r _ B(p,g k ,g) - ( P~qk ) 

N(p,q k ) 

Since C k < B(p, q k , g)N(p, q k )~ 1 , according to the definition of the best constant B(p,q k ,g), we have 

inf J k {u) < N(p, qk ) 1 , 

i/.G'H 

where H = {u € H 1,P (M) : ||u||z,p(m) = 1} and 

p(i-o^) 

Jfc(u) = ( [ \V g u\ P dVg +C k [ \u\ P dVg ^ f f | M | d,Vg ^ 

\J M J M J \J M J 

As can easily be checked, the functional J k is of class C 1 . 

The condition m and an usual argument of direct minimization lead to a minimizer u k € B of Jk, so that 


(13) 


Vk ■= Jk{u k ) = inf J k {u) . 

u^lH 

Note that we can assume u k > 0 , since |V 9 |ufc|| = |V 9 Wfc| almost everywhere. 

In addition, since J k is differentiable, u k satisfies the quasilinear elliptic equation 

AkA Pi gUk + AkCkul -1 + 1 & k Bkujf- 1 = on M , 

Vk Vk 

where A Pi9 = — div 9 (|V 9 | p ~ 2 V 9 ) is the p-Laplace operator of g, 

Qk _ n(p - g k ) 
np + pqk - nq k 

p(i-flfc) 

Ak = (ivr ^ ^ 9 ) ^ k ’ 


(14) 


(15) 
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Bk=( f \V g u k \ v dv g + C k ) ( f u qk dv g 
\J M J \J M 

So, by Serrin [25], u k £ and, by Tolksdorf’s [27], it follows that u k is of class C 1 . 

A relation that will be useful is 

B k [ u q k k dv g = u k ■ (16) 

J M 

Modulo a subsequence, we analyze two possible situations for the sequence (A k ). 

(i) lim fc _> +00 A k > 0; 

(ii) linifc-j+oo A k = 0. 

Assume that (i) occurs. Taking u k as a test function in (11511 and after using Proposition 12. II one gets 


p(i-flt-) 

\ 1 k° 


A k C k <u k <c (17) 

for k large enough and some constant c independent of k, so that ( C k ) is bounded. Thus, the conclusion of Theorem [JT] follows 
directly from the definition of Ck- 

The remaining of this section is dedicated to prove the boundedness of (C k ) by assuming that the situation (ii) occurs. In 
this case, the inequality 


\\Uk\\L°°(M)A£ > 1 

follows from 


(18) 


1 = IMIL(M) = [ < dv g < IKII P L -J? M) [ ul k dv g 

J M J M 

and implies that ( Uk ) blows up in Part of the proof consists in performing a fine analysis of concentration of the 

sequence (u k ). 

At first, we have 


lim u k = Ao (p) 1 

k —>+oo 

In fact, a combination between the Nash inequality 


( [ M P dvg] k < (n(p, qk) [ |V g u\ p dv g + B(p, q k , g) f |w| p dvg\ ( f \u\ qk dv t 
\J m J \ Jm Jm J \J m 


ptLALkl 

ik°k 


and the definition of Ck yields 


(/„ 


N(p,q k y L < ( / | VgUk\ p dv g + C k 
IM 


(/ 

\J M 


u\ k dv a 


PilqJkk) + ^l Ak =uk + Ak P ~ qk 


N{p,q k ) 


N{p,q k ) ' 


By Proposition 12.11 N(p,q k ) remains away from zero for k large enough. Therefore, 


lim inf u k > Ao (p) 1 

k —^+oo 

and so the limit esj follows from m- 

Let Xk £ M be a maximum point of u k , that is 


(19) 
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Uk(xk) = ||uk||i,oo( Af ) ■ (20) 

The following concentration property satisfied by the sequence ( Uk) plays an essential role in what follows. The main tools 
used in its proof are the blow-up method and Moser’s iteration. 

Lemma 4.1. We have 

lim lim / i u i dv g = 1 . 

<7^ + 00 k^+O O J B ( Xk ,<tA? ) 

Proof of Lemma roi Let a > 0. For each x £ B( 0, cr) and k large, we define 

JL 

hk{x) = g{exp Xk (A£x)) , 

Pk{x) = A£*u k (exp Xh (A£ x)) . 

Note that the above expressions are well defined because we are assuming that A k -4 0 as k —> +oo (situation (ii)). 

By m and m, one easily deduces that 

A p ,h k Pk + AkCktfil -1 + 1 ° k Vk<p q k~ 1 = TT^k -1 on B(0,a) . 

Vk C Ik 

Using the mean value theorem and the value of Ok, one gets 

A p ,h k Pk + AkCk^l -1 = v k + — - n ^ k + nP p P k k log^^) on B(0,a) (21) 

for some p k £ (qk - 1 ,p— 1). 

Consider e > 0 fixed such that p + e < Since (p k k log (p%) < piT 1+e , we then get 

A . a p—1 ^ ( Qfe—1 i PQk ViQk T Up e+p—ll D/n \ 

A Pt h k <fik + A k C k p k < u kyPk H-—- Pk J on B(0,a) . 

Once all coefficients of this equation are bounded, the Moser’s iterative scheme (see ESI) produces 

IKIU~(M)) P = SUP p P k <Ca [ pi d,V hk 

B(0 ,<t) J B(0,2ct) 

for all k large enough, where c a is a constant independent of q. 

So, using m in the above inequality, one readily obtains 

1 < IKIU=o ( s(0iCT)) <cj v (22) 

for all k large enough. 

By 03, up to a subsequence, we have 


c[ 

J E 


B(x k ,2aA£ ) 


Uk d v g < C(j 


lim AkCk = C > 0 . 

k —> + oo 

Applying the Tolksdorf’s elliptic theory to (1211) . thanks to (1221) . one easily checks that —> P in C'; 1 oc (R") and p ^ 0. 

Letting now k — > +oo in GD and using (EJ, one gets 

A p ,£v? + CV P_1 = A)(p) -1 ^ P_1 + U P_1 log(y> p )) on R" , (23) 
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where A Pj £ stands for the Euclidean p-Laplace operator. 
For each a > 0, we have 


/ p p dx = lim / ip? dvhu = lim / i u? dv„ < 1 

Jb( 0,a) ^+”is(o,») k ^+°°J B (x k ,„A£) 


and, by 113 and Proposition m 


L 


B(0,ct) 


|V(/?| P dx = lim 


k— »-+o 




\S7 hk Pk\ p dvh k = , lim 


k —> + oo 


(A k [ 1 

\ JB(x k ,aA£ 


1 |VgUfc| P dVg ] < Ao(p) 1 • 


(24) 


(25) 


In particular, one has p £ W 1,p (R n ). 

Consider then a sequence of nonnegative functions (i pk) C Co°(R n ) converging to ip in W 1,p (R rl ). Taking i pk as a test function 
in (12311. we can write 


Ao(p) [ |V<p| p 2 Vp ■ Vpk dx + —Ao{p)C f p p 1 pkdx= f p p 1 pk log(<p p ) dx + — f p p 1 tpk 
Jm n P J K n Jm n P J «" 


dx 


-f 

Jh 


p p Vfclog(</> p ) dx + I p p L p k log(p p ) dx + — I p v l pk dx 


[<p< il 


/ 

J\o 


„V -! 


[gj>l] 


/ 

Jr" 


-p-i 


P Jr- 


Letting k —> +oo and applying Fatou’s lemma and the dominated convergence theorem in the right-hand side, one gets 


i f |V<p| p dx < f 

Jr™ J ft 


—Ao{p) / \S7p\ v dx< / p p log(<p p ) dx + / p p log(<p p ) dx H— / p p dx 


[¥><!] 


/ 


[V>1] 


"f 

P J R" 


JR" 

Rewriting this inequality in function of ip(x) = , one has 


f p p log(<p p ) dx + — f p p dx . 
JR" P Jwt n 


i f ivv>r dx < f 

Jm" .JR" 


—-4o(p) / |VV>r da: < / ip p log(i/> p ) dx + — / ip p dx + log ||<p||£ . 


-/ 

P JM” 


Note that this inequality combined with 


produces 


f ip p \og(ip p ) dx < — log ^^(p) [ |V^>| P dx 
■JR" P V JR" 


Ao(p) [ |Vt/j| p dx < log (aq(p) [ |V^r dx) 
II" V J R" / 


ivv-r dx) + i + ^iog||p|| p . 


Since logx < x — 1 for all x > 0, we find log ||<p||^ P ( R r») > 0 or, equivalently, ||<p||i,p(r»») > 1. 
Thus, by (1211) . we conclude that ||ip||z,p(Rn) = 1, so that 


lim lim / i u fc dv g = p p dx — 1 . 

r—>oo fc-H-oo J B ( Xk} a A P ) Jwn. 


By using the concentration property provided in Lemma 14. II we now establish a pointwise estimate for the sequence ( Uk ). 
This result is the key ingredient in the final part of the proof of Theorem 14.11 The necessary tools in its proof are the same 
ones of the previous proof. 
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Lemma 4.2. For any A > 0, there exists a constant c\ > 0, independent of q < p, such that 


d g {x,Xk) X Uk(x) < cxA k ** 

for all x £ M and k large enough, where d g stands for the distance with respect to the metric g. 

Proof of Lemma 14.21 Suppose by contradiction that the above statement fails. Then, there exist Ao > 0 and yk £ M for 
each k such that fk,x 0 {yk) —> +oo as k —¥ +oo, where 

n _X 

fk,x(x) = d g (x,Xk) X Uk(x)A^ p . 

Without loss of generality, we assume that fk,x 0 {yk) = ||/fc,A 0 IU“>(M)- 
From (| 22 |. we have 

fk,x 0 {yk ) < d g (x k ,y k ) x °A k p < cd g {x k ,yk) x ° A k p , 

so that 

_ 3 _ 

dg(xk,yk)A k v —> +oo as k —>• Too . (26) 

For any fixed e £ (0,1) and a > 0, we first claim that 

B(y k ,£d(x k ,yk)) F B(x k ,rrA^) = 0 (27) 

for k large enough. 

Clearly, this assertion follows from 

JL 

dg{x k , yk) > vA% + £d(x k , y k ) 

or equivalently, 

dg(x k ,yk){l ~e)A k p > a . 

_ x 

But the above inequality is automatically satisfied, since d g (x k , Vk)A k p —> +oo as k —> +c». 

We assert that exists a constant c > 0, independent of k, such that 

u k (x) < cu k {y k ) (28) 

for all x £ B(yk,ed g (xk,yk)) and k large enough. Indeed, 

d g (x,Xk) > d g ( xk , yk) - d g (x, yk) > (1 - e)d g (xk, yk) 

for all x £ B(y k , ed g (x k ,yk))- Thus, 

d g (xk,yk) x °Uk(yk)A p = f k ,x 0 (yk) > fk,x 0 {x) = d g (x,Xk) x °Uk{x)A p ^ p 

n _Xo 

> (1 - £) x °d g (xk,yk) x °uk(x) A£ p , 

so that 
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/ 1 \ A ° 

Uk(x) < I ^ _ 1 Uk(yk ) 

for all x G B(y k ,£dg(x k ,yk)) and k large enough, as claimed. 

We now define 

.1 

hk(x) = g(exp yk {A£ x)) , 

<Pk(x) = Af «fc(exp yk (A£ x)) . 

By m and m, it readily follows that 

A P ,h k Vk + AkCkvi -1 + 1 „ ° k Vk <f>l fe_1 = ^r 1 on B (°. 3 ) ■ 

Vk Vk 

Applying the mean value theorem, one obtains 


A Pl h k (f>k + A k C k <f>l 1 = (&l k 1 + —— n ^ k + UP <P k k log(^fc)) on B(0,3) , (29) 

where p k € (q k - 1 ,p- 1). 

For fixed e > 0 such that p + s < one has Cp p k log((^|) < ip^ _1+e . So, the Moser’s iterative scheme applied to (1291) yields 
y k ~ qk = ( a F u k {y k )) v < sup <pI<c [ <K dv h =c ( i ui dv g (30) 

S(0,1) JB( 0,2) JB(y k ,A*) 

for k large enough, where 

Pk = u k (y k ) p ~ qk [ u q k k dv g . (31) 

J M 

We next analyze two independent situations that can occur: 

(I) p k > 1 — 6k for all fc, up to a subsequence; 

(II) p k < 1 — 9 k for k large enough. 

In each case, we derive a contradiction. If the assertion (I) is satisfied, on the one hand, one has 


On the other hand, by (1261) . one gets 


P 

liminf ul~ qk > e~~ . 

fc-H-oo 


B{y<ik > A L ) C B{y qk , ed(x qk ,y qh )) 

for k large enough. Thus, joining Lemma 14.11 (1271) and (1301) . one arrives at the contradiction 


(32) 


0 < e p < lim / i u p dv q = 0 . 

k ^ +co J B (y qk ,AP k ) 

Assume then the assertion (II). In this case, for k large, we set 

i 

h k (x) = g(exp yk (A£ x)) 

1 

ipk(x) = u k (y k )~ 1 Uk(exp yk (A£x)) . 
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Thanks to Gnj and GU), we have 


Rewriting this equation as 


A p.hfcV’k + A k C k il) v k 1 + 1 = ^V’fc" 

t'fc f^k "k 


on 5(0, 3) . 


A p,h k i>k + AkCkipl 1 + 1 -7T ( 1 ^ - i) ^ 1 

C'fc \ l^k / 

from the mean value theorem, one gets 


Y k (V’r 1 -^ -1 ) on 5(0,3) , 


A P ,h k ipk + AkCkVk 


,P-! 


<9fe 


1-gfc 

Pk 


- 1 




i^k (pqk - nqk + np) 


^fe fc log(V’fc) on B (0,3) 


(33) 


for some pk G {qk — 1 ,p — 1). 

Using (1261) . (1281) and the fact that AAi — 1 > 0 for k large, one easily deduces that %j)k —¥ tj) in VF 1,P (5(0, 2)) and, by a Moser’s 
iteration, one has ip ^ 0. 

Let h G Cg (5(0, 2)) be a fixed cutoff function such that h = 1 in 5(0,1) and h > 0. Taking iph p as a test function in (1331) . one 
obtains 


1 fl-6k 
hm sup — - 

fe->+oo &k \ Pk 


- 1 < C . 


Therefore, up to a subsequence, we can write 


1 (1 -9 k 


lim — . 

k— »-+oo C7fc \ 

so that pk —> 1. Using the definition of 9k, we then derive 


- 1 =7 > 0 


lim p k 9fc = e < ' 1+7 ^ p 

fc->-+oo K 


At last, combining Lemma 14.11 (1271) . (13011 and the above limit, we obtain the contradiction 


0 < e _(1+7) ? < lim 


f 

’ JBt 


1 u\ dv g = 0 . 

k ^+°° JB(y k ,AP) 


Finally, we turn our attention to the final argument of the proof of Theorem 14. II We recall that our goal is to prove that the 
sequence ( Ck ) is bounded by assuming that Ak —> 0 as k —> +oo (situation (ii)). This step consists of several integral estimates 
around the maximum point Xk of u k and Lemma 14.21 plavs a central role on some of them. 

In what follows, several possibly different positive constants independent of k will be denoted by cor ci. 

Assume, without loss of generality, that the radius of injectivity of M is greater than 2. Let p G Co(R) be a cutoff function 
such that i)= 1 on [0,1), rj = 0 on [2, oo) and 0 < p < 1 and define Pk{x) = p(d g (x, Xk))- 
The sharp Euclidean L p -Nash inequality asserts that 


f {ukVkY dx] < N(p, q k ) \ f \V{u k pk)\ P dx J ( f {u k pk) qk dx 
J B{ 0,2) J \JB( 0,2) J \JB( 0,2) 

Expanding the metric g in normal coordinates around Xk, one locally gets 


p(i-9 fc ) 
\ 1k e k 
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Thus, 


W(ukVk)\ P < |V<,(ui,r?fc)| p (l + c dg{x,x k ) 2 ) • 


f u p k rfcdx\ <\N{p,q k )A k f |V 3 (u fe 7? fe )| p dv g + cA k [ \X g (u k ri k )\ p d g (x,x k ) 

J B{ 0,2) / V J B(x k ,2) J B(x k ,2) 


dv. 


' B(x k ,2) 


B(x k , 2) 


Using now the inequality 


p(l — flfc ) 

f iBiO^^VT d A ^ 

V Jm U l k dv 3 J 


\X g (u k rj k )\ p < \V g u k \ p ril + c\p k V g u k \ p 1 |u fc V g p k \ + c\u k X7 g r/ k \ p , 


and denoting 


and 


X k = Ak 


[ V k \VgUk\ p d g (x,x k ) 2 dv g 
J M 


Yk = Ak / \VgUk\ P l \Vg7lk\Uk dv g , 
J M 


we deduce that 


f u p k rf k dx J < (N(p, q k )A k f \X g u k \ p rjl dv g + cX k + cY k + caJ) 
J b{ 0,2) J \ Jm J 

On the other hand, choosing Ukrf k as a test function in (|15D and using (1 16f) . one gets 


pji-Ok) 

I B ( 0,2) U k k V 9 k d x \ Qkl>k 
I M U l k dV V 


N(p, q k )A k f \V g u k \ p pl dv g < 1 - N(p,q k )A k C k + tt ( f u k V k dv g -¥ 

Jm v k \Jm Jj 


I M u TVk dv s 


m u l k dv a 


+c / |V 9 Ufc| p L \X g r] k \u k dv g . 

J M 

Using <tm Proposition O and Lemma 14.21 with a suitable value of A, the last integral can be estimated as 


/ \ P_1 / 

/ \X g Uk\ p ~ 1 \Xgilk\u k dv g < ci j \X g Uk\ p dvg) [ 

Jm \J m / \J e 


1 B(x k ,2)\B(x k A) 


u k dv g I < cA k , 


so that 


N(p, q k )A k f \V g Uk\ P vl dv g <l- ciA k C k + -j- ( f u p k tf k dv g - % % J k k ^ 9 ) + cA k 

Jm °k \J M J m H dv g J 

for k large enough. 

Let 








Zk = 


(I 




S M U l kr ll k dv 9 


f M ul*dv a 


JM “fc “‘'s 

By the mean value theorem and Lemma [4. 2 1 there exists 7 k £ (qk,p) such that 


Zk — 


k (/„“«*• -7 


J M u l k V P k dv g 


M U l k dv S 


<1 

9k 


f M < k (vl k -rf k )dv g 


Jm u l k dv s 


< 


pqk - ng fe + np / M Pfe fc | log |u£ fc du g 


Jm u T dv n 


< dVg < cAfe 


/m U l k dv 9 

for k large enough. 

Plugging d2U) into (1551) and after (1551) into (EH , one arrives at 


^krfk ^ (1 — cAkCk + ‘Zfc + C-Xfc "b cYfc + cAk) 


pU — flfc) 

■^(0,2)^# da; \ 3feefe 


/B(0,2) ) \ f M U k k dVg 

for k large enough. 

In order to estimate Xk, we take ukd^rfi. as a test function in (1151) . From this choice, we derive 


x k < j- k (j M u kVk d g(x,x k ) 2 dv g - 


J M u l kr l q k k dg(x,Xk) 2 dv 9 


+c- 


Jm u l k dv a 
S M u l kr l q k k dg{x,Xk) 2 dv g 


+ cA k / Ukrf k \S7 g Uk\ p 1 d g (x,xk) dv g 
J M 


+ cYfc + cAk . 


S M U l kdv 9 

We now estimate the first two terms of the right-hand side above. Namely, after a change of variable, one has 


1/ 

9k J M 


-WWW 


Jm u l k dv 9 


dv g <cA£-J- f _ 1 |<^r)£ - vTvl k \\x\ 2 dx 
“k J B(0,2A k p ) 


= cA, 


L 


_ 1 ( Pkfjk) Pk |log((/3 fc p fe )| |x| 2 dx 


B(0,2A k p ) 


for some p k £ {qk,p), where = rik(A£ x). 

Thus, using Lemma 14.21 and the assumption p < 2, one obtains 


kL 


K'nldg{x,x k ) - 


2 u q kVk k dg(x,x k ) 2 


dv g < cAk . 


In particular, since 


f v v A ( A a . m u 19, 

/ K% d 9(x,x k ) dv g - T 

J M Jj 


Jm u l k dv g 

f M u l k V q k k dg{x,Xk) 2 dv g _ f f p ^ pjt _ , 2 u k k vU d g(x, x k ) 2 


M U l k dv 9 


we have 


1 

9k 


f KVk d g(x, x k ) 2 dv g - MUk ?l : 
J M J] 


[ ( u lvldg{x,x k ) 2 

J M \ 


f M u l kr l q k kd 9(x,Xk) 2 dv g 


Jm u l k dv 9 


dVn 


M U l k dVg 


< cA k 


for k large enough. 

Besides, thanks to m, Proposition 12.11 Lemma 14.21 and the fact that p < 2, we derive 


( 36 ) 


(37) 


(38) 
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/ Ukril\VgUk\ v 1 dg(x,Xk) dv g < c ( / | V 9 Uk | p dvg ) I / u p k d g (x , x k) p dvg 

JM \J M J \JB(x k , 2) 


< cA k p ( / _1 ifil\x\ p dx | < c 

'B(0,2A fc p ) 


for k large enough. 

So, the above estimates guarantees that 


x t < + cVi + cAt . 


/m U l k dv 9 

Evoking again Lemma 14.21 and the condition p < 2, one has 


iM u l kr fk d a{x,Xk) 2 dvg_ < ^ 


fM U l k dv 9 JB(0,2A k 1/p ) 

Also, it follows directly from (1131) and Proposition 12.11 that 


< cAf f ipl k \x\ 2 dhk < cAk 

JB(0,2A7 1, ~ 


if 

J B 


Y k < cAf I u p dv g < cA k , 

B(x k ,2)\B(x k ,l) 


so that 


(39) 


(40) 


A'*, < cAk . 


Thus, plugging (l40l) and GD into (EH), one gets 


( [ Uk^k dx ] < (1 + Z k - ciA k Ck + cA k ) ( 

\Jb( 0 , 2 ) J \ 


pf 1 — e fc ^ 

lB(0,2)( Uk V k ) qk d x \ 
f M U l k dv 9 


for k large enough. 

Taking logarithm of both sides and using the fact that one has 


b ( los / B( 


"k \ J B( 0,2) 

By the mean value theorem. 


p PJ , , lB( 0 , 2 )< k V q k kdx \\ v ^ , n-p, (! B(0 , 2 )< k ri k dx 

u p k %dx - log ( -- r — qk j - | ] < log(l + Z k - ciA k Ck + cA k ) --— log 1 


Im u T dv a 


, f PP g , /7b(0,2 ) < k VT dx \ iff pV l 

lo g / u k% dx ~ !og - r Pk , - = — / u k% dx - 

jB( 0 , 2 ) \ Jm u k d y 9 J T k B( 0 , 2 ) 


Im u l k dv 9 

Ib( 0,2) U l kl fk k d xN 

Im u l k dv 9 


for some number Tk between the expressions 


f V P g , I B ( 0,2) U kV q k k dx 

/ UuTjZ dx and - - -—-- . 

Jb ( 0,2) Im U 1 dv 9 

Using Cartan’s expansion of g in normal coordinates around Xk and Lemma [4. 2 1 one obtains 

I B{ o,2) < h Vk h dx I M ul k pl k dv g 


{ [ u Wk dx- f u p k r)l dv s 
[ Jb( 0,2) Jm 


I M U l k dV 9 I M U l kdV 9 


< cA k 


(41) 


(42) 


(43) 


(44) 
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for k large enough. Indeed, since p < 2, 


[ uWk dx- f u v k rf k dv g <c[ 

J B{ 0,2) JM JN 


p„p _ I „.p„p < C / u k 7] k d g (x, x k ) 2 dVg < cAf f <PfcW 2 dv hk < cA k 

M JB(0,2A~ 1/p ) 


and, by (l39l) . 


lB( 0 , 2 ) u l k vl k dx J M ul k V l k dv g 


Im u T dv a lM u l k dv g 


„ J M U l kr lT d !>( X ’ X ^ 2 dV S ^ 4 

- c f u 9k dv - CAk ■ 

JM U k av 9 


Moreover, we also have 


/ ( UkT]k) p dv g - 1 
J M 


lM u k k V q k dv g 


Im U l k dv 9 


- 1 


< cAk 


for k large enough. In fact, by Lemma 14.21 


[ ulVk dvg ~ 1 

J M 


[ dv g -[ ul dv g 

J M J M 


j 


M\B(x k , 1) 


and 


i M u Tnl k dvg 


Im u T dv s 


- 1 


< c 


IM\B(x k ,1) U l k dv 9 

Im u l k dv 9 


< cA k . 


Thanks to M and (Ml . one easily deduces that r k 1 = 1 + 0(A k ). Then, by (TEH) . 


(45) 


1 A f P P J , ( Ib( .0,2) “W dx 

— log / <r f k dx - log - - - — - 

0k \ 0,2) V JM U k dv 9 


VPj I B ^2) U k^kdx 

u\rf k dx - - - — - (1 + 0{A k )) . (46) 

8k \ J s(0 ,2) j M u l dvg 


But, by Cartan’s expansion and (|38p , we have 


P p u l k vl k 
, UkVk ~ 7 u qk dv 

1,2) JM U k av 9 


iff p p Ib^)^^ dx\ iff 

Ok{J B( o,2) Mfc% S M ul k dVg J e k {J B( 0,2 

S' (I “ K - *•) + 1 (L (" K - T^k) ° (<w *'“ )2) *») 


— Z k 4- 0(A k ) 


for k large enough. 

Replacing this inequality in (1461) . one obtains 


if, f PPJ , (fB(0,2) U l kr lT dx 


In turn, plugging the above inequality in (S3, one has 


cAk ^ log(l + — c\AkCk + cAk) H - 


n — p 
n 


log 


^ CA.lr . 


Ib(0 ,2) da; 

/m U T dv 9 


Finally, using Cartan’s expansion of g in normal coordinates, Taylor’s expansion of the function log and Lemma 14.21 one gets 
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log 


tB (0,2) 


J>l k Vk k d x 


L. 


dVn 


< c 


'M\B(x k ,l) 


l\ k dVg 


., 9 k 


dVn 


+ c 


f M u l kr lk kd 9(x,x k ) 2 dv g 


L 


dVn 


< cAk . 


In short, for a certain constant c > 0, we deduce that 


Z k ^ fog(l + Zk — ClAfcCfc + cAk ) + cAk 

for k large enough. 

Since log x < x — 1 for all x > 0, we find 


Zk < Zk — ciAkCk + cAk 

for k large enough, so that the sequence ( Ck ) is bounded and the proof of Theorem 14.11 follows. ■ 
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